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FREE INDEPENDENCE IN ULTRAPRODUCT
VON NEUMANN ALGEBRAS AND APPLICATIONS
CYRIL HOUDAYER AND YUSUKE ISONO
Abstract. We prove an analogue of Popa’s free independence result for subalgebras of ultra-
product II1 factors [Po95b] in the framework of ultraproduct von Neumann algebras (M
ω, ϕω)
where (M,ϕ) is a σ-finite von Neumann algebra endowed with a faithful normal state satisfying
(Mϕ)′∩M = C1. More precisely, we show that whenever P1, P2 ⊂M
ω are von Neumann sub-
algebras with separable predual that are globally invariant under the modular automorphism
group (σϕ
ω
t ), there exists a unitary v ∈ U((M
ω)ϕ
ω
) such that P1 and vP2v
∗ are ∗-free inside
Mω with respect to the ultraproduct state ϕω. Combining our main result with the recent
work of Ando-Haagerup-Winsløw [AHW13], we obtain a new and direct proof, without rely-
ing on Connes-Tomita-Takesaki modular theory, that Kirchberg’s quotient weak expectation
property (QWEP) for von Neumann algebras is stable under free product. Finally, we obtain
a new class of inclusions of von Neumann algebras with the relative Dixmier property.
1. Introduction and statement of the main results
In his seminal article [Po95b], Popa obtained a free independence result for subalgebras of
ultraproduct II1 factors. Among other results, he showed that whenever P1, P2 ⊂ Mω are
von Neumann subalgebras with separable predual of an ultraproduct II1 factor (M
ω, τω) =
(Mn, τn)
ω, there exists a unitary v ∈ U(Mω) such that P1 and vP2v∗ are ∗-free inside Mω
with respect to the ultraproduct trace τω. This result had important consequences regarding
Connes’s approximate embedding problem [Co75, Ki92, Oz03]. Indeed, it implied that the
class of tracial von Neumann algebras with separable predual that are embeddable into Rω in
a trace-preserving way is stable under free product. Very recently, Popa further investigated
the independence properties of subalgebras of ultraproduct II1 factors. Firstly, he obtained
in [Po13a] the first class of maximal abelian subalgebras of ultraproduct II1 factors satisfying
the Kadison-Singer conjecture and secondly he generalized in [Po13b] his earlier results from
[Po95b] to the case of tracial amalgamated free product von Neumann algebras.
In this paper, we prove an analogue of Popa’s free independence result for subalgebras of ultra-
product II1 factors [Po95b] in the framework of ultraproduct von Neumann algebras (M
ω, ϕω)
where (M,ϕ) is a σ-finite von Neumann algebra endowed with a faithful normal state satis-
fying (Mϕ)′ ∩M = C1. We refer to [AH12, Oc85] and Section 2 for the construction of the
ultraproduct von Neumann algebra (Mω, ϕω).
Theorem A. Let (M,ϕ) be any non-type I σ-finite factor endowed with a faithful normal state
and Q ⊂Mϕ any von Neumann subalgebra satisfying Q′ ∩M = C1. Let ω ∈ β(N) \N be any
non-principal ultrafilter. For all i ∈ {1, 2}, let Pi ⊂ Mω be a von Neumann subalgebra with
separable predual that is globally invariant under the modular automorphism group (σϕ
ω
t ).
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Then there exists a unitary v ∈ U(Qω) such that P1 and vP2v∗ are ∗-free inside Mω with respect
to the ultraproduct state ϕω.
The proof of Theorem A uses Popa’s incremental patching method from [Po95b, Po13a, Po13b]
with some notable differences in its technical implementation. It can be divided into two main
steps. We refer to Section 3 for more details.
The first step of the proof (see Lemma 3.2) consists in proving an “approximate version”
of Theorem A for the von Neumann algebra (M,ϕ). This result (as well as its proof) is an
adaptation of [Po95b, Lemma 1.2] and is the key result to prove Theorem A. Like in [Po95b,
Lemma 1.2], the proof of Lemma 3.2 uses a maximality argument and relies in a crucial way
on Popa’s local quantization principle (see [Po92, Po95a] and Proposition 2.6). Due to the
absence of a trace on the von Neumann algebra (M,ϕ), we work with elements in M that
are analytic with respect to the modular automorphism group (σϕt ) and use techniques from
[AH12, Section 4].
The second step of the proof (see Lemmas 3.3, 3.4, 3.5) consists in using the first step of the
proof and the modularity assumption on the von Neumann subalgebras P1, P2 ⊂Mω in order
to build via several diagonalization and patching procedures a unitary element v ∈ U((Mϕ)ω)
that satisfies the conclusion of Theorem A. We observe that unlike [Po95b], we need to assume
that Mn =M is a constant sequence of von Neumann algebras in order to have M ⊂Mω.
Let M and N be any von Neumann algebras. We will say that M embeds with expectation
into N if there exist a normal ∗-embedding π : M → N and a faithful normal conditional
expectation Eπ(M) : N → π(M). Using Theorem A and [AH12, Theorem 4.20], we show that
the class of von Neumann algebras with separable predual that embed with expectation into a
σ-finite factor of type III1 endowed with a faithful normal state that has a large centralizer is
stable under free product.
Corollary B. Let (M,θ) be any σ-finite factor of type III1 endowed with a faithful normal
state such that (Mθ)′ ∩M = C1. For all i ∈ {1, 2}, let Mi be any von Neumann algebra with
separable predual that embeds with expectation into Mω. For all i ∈ {1, 2}, let ϕi ∈ (Mi)∗
be any faithful normal state. Then the free product von Neumann algebra (M1, ϕ1) ∗ (M2, ϕ2)
embeds with expectation into Mω.
Very recently, Ando-Haagerup-Winsløw showed in [AHW13, Theorem 1.1] that a von Neumann
algebra M with separable predual satisfies Kirchberg’s quotient weak expectation property
(QWEP) [Ki92] if and only if M embeds with expectation into Rω∞, where R∞ denotes the
unique hyperfinite factor of type III1. Hence, a combination of their result and Corollary B
shows that the class of QWEP von Neumann algebras with separable predual is stable under free
product. We point out that this last result can also be proven using Connes-Tomita-Takesaki
modular theory and Brown-Dykema-Jung’s result [BDJ06, Corollary 4.5]. However, we believe
that it is interesting to have a new and direct proof that the QWEP for von Neumann algebras
is stable under free product, without relying on Connes-Tomita-Takesaki modular theory.
It also follows from the above discussion that any free product of amenable von Neumann al-
gebras with respect to arbitrary faithful normal states has the QWEP. Observe that Shlyakht-
enko’s free Araki-Woods factors Γ(HR, Ut)
′′ associated with almost periodic orthogonal repre-
sentations U : R→ O(HR) are ∗-isomorphic to free products of type I von Neumann algebras
[Sh96]. Thus, Corollary B gives an alternate proof of QWEP for the almost periodic free Araki-
Woods factors [PS02]. We refer to [No05] for more general results on QWEP for q-Araki-Woods
von Neumann algebras.
An inclusion of von Neumann algebras N ⊂ M with faithful normal conditional expectation
EN :M→N is said to have the relative Dixmier property if for every x ∈ M, we have
co‖·‖∞{uxu∗ : u ∈ U(N )} ∩ N ′ ∩M 6= ∅.
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Here, co‖·‖∞{uxu∗ : u ∈ U(N )} denotes the closure with respect to the uniform norm ‖ · ‖∞ of
the convex hull of the uniformly bounded set {uxu∗ : u ∈ U(N )}. Haagerup showed in [Ha88,
Theorem 3.1] that whenever M is a σ-finite factor of type IIIλ with 0 < λ < 1 and ϕ ∈ M∗
is a faithful normal 2π| log(λ)| -periodic state, the inclusion M
ϕ ⊂ M has the relative Dixmier
property. Popa showed in [Po95b, Corollary 2.4] that whenever M is a II1 factor and Q ⊂ M
is an irreducible subfactor, the inclusion Qω ⊂Mω has the relative Dixmier property. We refer
to [Po97, Po13a] for other results regarding the relative Dixmier property.
Following the strategy of [Po95b] and using Theorem A, we obtain a new class of inclusions of
von Neumann algebras N ⊂M with the relative Dixmier property.
Theorem C. Let (M,ϕ) be any non-type I σ-finite factor endowed with a faithful normal state
and Q ⊂Mϕ any von Neumann subalgebra satisfying Q′ ∩M = C1. Let ω ∈ β(N) \N be any
non-principal ultrafilter. Then the inclusion Qω ⊂Mω satisfies the relative Dixmier property,
that is, for all x ∈Mω, we have
co‖·‖∞{uxu∗ : u ∈ U(Qω)} ∩C1 = {ϕω(x)1}.
Theorem C moreover implies that there exists a unique (not necessarily normal) conditional
expectation E :Mω → Qω. It is the unique ϕω-preserving conditional expectation EQω :Mω →
Qω. Let nowM = R∞ be the unique hyperfinite factor of type III1 and choose a faithful normal
state ϕ ∈M∗ such that (Mϕ)′ ∩M = C1. By Theorem C, the inclusion (Mϕ)ω ⊂Mω has the
relative Dixmier property.
Acknowledgments. This work was done when the first named author was visiting the Re-
search Institute for Mathematical Sciences (RIMS) in Kyoto during Summer 2014. He gratefully
acknowledges the kind hospitality of RIMS. The authors thank Narutaka Ozawa for insightful
discussions about the QWEP conjecture and Sorin Popa for useful remarks. They finally thank
the anonymous referee for providing valuable comments.
2. Preliminaries
Background on σ-finite von Neumann algebras. Let M be any σ-finite von Neumann
algebra. We denote by Ball(M) the unit ball of M with respect to the uniform norm ‖ · ‖∞,
U(M) the group of unitaries in M and Z(M) the center of M . Let ϕ ∈ M∗ be any faithful
normal state. For all x ∈ M , write ‖x‖ϕ = ϕ(x∗x)1/2. Recall that the strong topology on
uniformly bounded subsets of M coincides with the topology defined by ‖ · ‖ϕ.
For every f ∈ L1(R), we define the Fourier transform of f by
f̂(ξ) =
∫
R
f(t) exp(itξ) dt,∀ξ ∈ R̂ = R.
For every f ∈ L1(R) and every x ∈M , put
σϕf (x) =
∫
R
f(t)σϕt (x) dt.
For every x ∈M , put
Spσϕ(x) =
{
ξ ∈ R̂ : f̂(ξ) = 0 for all f ∈ L1(R) such that σϕf (x) = 0
}
.
For every subset E ⊂ R̂, the spectral subspace of σϕ in M associated with E is defined by
M(σϕ, E) = {x ∈M : Spσϕ(x) ⊂ E} .
The spectral subspaces satisfiy the following well-known properties (see e.g. [Ta03, Corollary
XI.1.8]): for all subsets E,F ⊂ R̂, we have
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• M(σϕ, E)∗ =M(σϕ,−E),
• M(σϕ, E)M(σϕ, F ) ⊂M(σϕ, E + F ) and
• M(σϕ, {0}) =Mϕ.
The next proposition will be very useful to prove the main technical results of Section 3.
Proposition 2.1 ([AH12, Lemma 4.13]). Let (M,ϕ) be any σ-finite von Neumann algebra
endowed with a faithful normal state. Let a > 0. Any element x ∈ M(σϕ, [−a, a]) is analytic
with respect to the modular automorphism group (σϕt ) and satisfies
‖σϕz (x)‖∞ ≤ C(a, z)‖x‖∞,∀z ∈ C
where C(a, z) = 2 exp(2a|ℑ(z)|) + exp(a|ℑ(z)|).
We also recall the following well-known result.
Theorem 2.2 ([Ta03, Theorem 4.2]). Let (M,ϕ) be any σ-finite von Neumann algebra endowed
with a faithful normal state and N ⊂M any von Neumann subalgebra. The following conditions
are equivalent:
(1) There exists a (unique) ϕ-preserving conditional expectation EN :M → N .
(2) The von Neumann subalgebra N is globally invariant under the modular automorphism
group (σϕt ).
Free product von Neumann algebras. Let I be any non-empty set. For all i ∈ I, let
(Mi, ϕi) be any σ-finite von Neumann algebra endowed with a faithful normal state. The
free product von Neumann algebra (M,ϕ) = ∗i∈I(Mi, ϕi) is the unique (up to state-preserving
isomorphism) von Neumann algebra M generated by Mi with i ∈ I and where the faithful
normal state ϕ satisfies the following ∗-freeness condition:
(1) ϕ(x1 · · · xn) = 0 whenever xj ∈Mij ⊖C, i1, . . . , in ∈ I and i1 6= · · · 6= in.
We will say that the von Neumann subalgebras Mi are ∗-free inside M with respect to ϕ if
Equation (1) is satisfied. Here and in what follows, we denote by Mi⊖C1 = ker(ϕi). We refer
to the product x1 · · · xn where xj ∈ Mij ⊖ C1, i1, . . . , in ∈ I and i1 6= · · · 6= in as a reduced
word in (Mi1 ⊖C1) · · · (Min ⊖C1) of length n ≥ 1. The linear span of 1 and of all the reduced
words in (Mi1 ⊖C1) · · · (Min ⊖C1) where n ≥ 1, i1, . . . , in ∈ I and i1 6= · · · 6= in forms a unital
σ-strongly dense ∗-subalgebra of M .
For all t ∈ R, we have σϕt = ∗i∈Iσϕit (see [Ba93, Lemma 1] and [Dy92, Theorem 1]). By [Ta03,
Theorem IX.4.2], there exists a unique ϕ-preserving faithful normal conditional expectation
EMi : M → Mi. Moreover, we have EMi(x1 · · · xn) = 0 for all the reduced words x1 · · · xn
which contains at least one letter from Mj ⊖C1 with j 6= i (see [Ue11, Lemma 2.1]). For more
on free product von Neumann algebras, we refer the reader to [Ue98, Ue11, Vo85, Vo92].
Ultraproduct von Neumann algebras. Let M be any σ-finite von Neumann algebra. De-
fine
Iω(M) = {(xn)n ∈ ℓ∞(N,M) : xn → 0 ∗ -strongly as n→ ω}
Mω(M) = {(xn)n ∈ ℓ∞(N,M) : (xn)n Iω(M) ⊂ Iω(M) and Iω(M) (xn)n ⊂ Iω(M)} .
We have that the multiplier algebra Mω(M) is a C∗-algebra and Iω(M) ⊂ Mω(M) is a norm
closed two-sided ideal. Following [Oc85], we define the ultraproduct von Neumann algebra Mω
by Mω =Mω(M)/Iω(M). We denote the image of (xn)n ∈ Mω(M) by (xn)ω ∈Mω.
For all x ∈M , the constant sequence (x)n lies in the multiplier algebra Mω(M). We will then
identifyM with (M+Iω(M))/Iω(M) and regardM ⊂Mω as a von Neumann subalgebra. The
map Eω : M
ω → M : (xn)ω 7→ σ-weak limn→ω xn is a faithful normal conditional expectation.
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For every faithful normal state ϕ ∈M∗, the formula ϕω = ϕ◦Eω defines a faithful normal state
on Mω. Observe that ϕω((xn)
ω) = limn→ω ϕ(xn) for all (xn)
ω ∈Mω.
Let Q ⊂ M be any von Neumann subalgebra with faithful normal conditional expectation
EQ : M → Q. Choose a faithful normal state ϕ on Q and still denote by ϕ the faithful
normal state ϕ ◦ EQ on M . We have ℓ∞(N, Q) ⊂ ℓ∞(N,M), Iω(Q) ⊂ Iω(M) and Mω(Q) ⊂
Mω(M). We will then identify Qω = Mω(Q)/Iω(Q) with (Mω(Q) + Iω(M))/Iω(M) and
regard Qω ⊂ Mω as a von Neumann subalgebra. Observe that the norm ‖ · ‖(ϕ|Q)ω on Qω is
the restriction of the norm ‖ · ‖ϕω to Qω. Observe moreover that (EQ(xn))n ∈ Iω(Q) for all
(xn)n ∈ Iω(M) and (EQ(xn))n ∈ Mω(Q) for all (xn)n ∈ Mω(M). Therefore, the mapping
EQω : M
ω → Qω : (xn)ω 7→ (EQ(xn))ω is a well-defined conditional expectation satisfying
ϕω ◦ EQω = ϕω. Hence, EQω :Mω → Qω is a faithful normal conditional expectation.
Proposition 2.3. Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful
normal state. Let a > 0. Then for every x ∈ Mω(σϕω , [−a, a]), there exists (xn)n ∈ Mω(M)
such that x = (xn)
ω and xn ∈M(σϕ, [−4a, 4a]) for every n ∈ N.
Proof. Following [AH12, Definition 4.12], denote by Da : R→ R the de la Valle´e Poussin kernel
defined by
Da(t) =
{
cos(at)−cos(2at)
πat2
if t 6= 0
3a
2π if t = 0.
Its Fourier transform is given by
D̂a(ξ) =

1 if |ξ| ≤ a
2− |ξ|2 if a ≤ |ξ| ≤ 2a
0 if |ξ| > 2a.
Let (xn)n ∈ Mω(M) be any element such that x = (xn)ω. Since x ∈Mω(σϕω , [−a, a]) and since
D̂2a = 1 on [−2a, 2a], we have x = σϕ
ω
D2a
(x) by [Ta03, Lemma XI.1.3(iii)]. By [AH12, Lemma
4.1.4], we have (σϕD2a(xn))n ∈ Mω(M) and x = σ
ϕω
D2a
(x) = (σϕD2a(xn))
ω . Since the support of
D̂2a is contained in [−4a, 4a], we have σϕD2a(xn) ∈M(σϕ, [−4a, 4a]) for every n ∈ N. 
Kirchberg’s quotient weak expectation property (QWEP). Let A ⊂ B be an inclusion
of C∗-algebras. Following [Ki92, Oz03], we say that A is cp complemented (resp. weakly cp
complemented) in B if there exists a ucp map Φ : B → A (resp. Φ : B → A∗∗) such that
Φ|A = idA.
Definition 2.4 ([Ki92]). We say that a C∗-algebra A has the weak expectation property (WEP)
if it is weakly cp complemented in B(H) for some (or any) faithful representation A ⊂ B(H).
We say that a C∗-algebra A has the quotient weak expectation property (QWEP) if A is the
quotient of a C∗-algebra with the WEP.
The QWEP conjecture states that all C∗-algebras have the QWEP. We refer the reader to
[Ki92, Oz03] for more on the QWEP conjecture.
Popa’s local quantization principle. In this Subsection, we review Popa’s local quantization
principle [Po92, Po95a] that will play a crucial role in the proof of Lemma 3.2.
Lemma 2.5. Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal
state and Q ⊂ Mϕ any von Neumann subalgebra. Let X ⊂ M be any finite subset such that
EQ∨(Q′∩M)(X) = 0 and {qj}j∈J any finite partition of unity with projections qj ∈ Q.
Then for every δ > 0, there exists a finite partition of unity {pi}i∈I with projections pi ∈ Q
that refines the partition {qj}j∈J and such that ‖
∑
i∈I pixpi‖ϕ < δ for all x ∈ X.
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Proof. See the proofs of [Po92, Lemma A.1.1] and [Po95a, Lemma A.1.1]. 
Proposition 2.6. Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful
normal state and Q ⊂ Mϕ any type II1 subfactor. Let ε > 0 and X ⊂M be any finite subset.
Then there exists a nonzero projection q ∈ Q such that
‖qxq − EQ′∩M (x)q‖ϕ < ε‖q‖ϕ,∀x ∈ X.
Proof. Since the proof is the same as the one of [Po92, Theorem A.1.2], we will only sketch it.
For every x ∈ X, write x′ = EQ∨(Q′∩M)(x) and x′′ = x− x′. Put Y = {x′′ : x ∈ X}. Note that
given any ε1 > 0, every x
′ can be approximated using finitely many b ∈ Q and b′ ∈ Q′ ∩M
such that ‖x′ −∑ bb′‖ϕ < ε1. We denote by S ⊂ Q the set of all such b ∈ Q. Since all the
arguments are done inside the type II1 subfactor Q, proceeding exactly as in the proof of [Po92,
Theorem A.1.2, pp. 246-247], for every ε2 > 0, one can find a finite dimensional abelian unital
∗-subalgebra A2 ⊂ Q such that ‖EA′
2
∩Q(b)− ϕ(b)1‖ϕ < ε2 for all b ∈ S.
Since A2 is obtained from a partition of unity with projections in Q and since we have
EQ∨(Q′∩M)(x
′′) = 0, Lemma 2.5 implies that for every ε3 > 0, we can find a refinement {qi}i∈I ⊂
Q of the partition coming from A2 such that with A3 =
∑
i∈I Cqi, we have ‖EA′3∩M (x′′)‖ϕ < ε3
for all x′′ ∈ Y . Observe that we have EA′
3
∩M (x) =
∑
i∈I qixqi and Q
′∩M ⊂ A′3∩M ⊂ A′2∩M .
Then we have
‖EA′
3
∩M (x)− EQ′∩M (x)‖ϕ ≤ ‖EA′
3
∩M (x
′)− EQ′∩M (x′)‖ϕ + ‖EA′
3
∩M (x
′′)− EQ′∩M (x′′)‖ϕ
= ‖EA′
3
∩M (x
′ − EQ′∩M (x′))‖ϕ + ‖EA′
3
∩M (x
′′)‖ϕ
≤ ‖EA′
2
∩M (x
′)− EQ′∩M (x′)‖ϕ + ‖EA′
3
∩M (x
′′)‖ϕ
<
∥∥∥∑EA′
2
∩M (bb
′)− EQ′∩M (bb′)
∥∥∥
ϕ
+ 2ε1 + ε3
≤
∑
‖b′‖∞‖EA′
2
∩M (b)− EQ′∩M (b)‖ϕ + 2ε1 + ε3
=
∑
‖b′‖∞‖EA′
2
∩Q(b)− ϕ(b)1‖ϕ + 2ε1 + ε3
<
∑
‖b′‖∞ ε2 + 2ε1 + ε3.
So, by choosing ε1, ε2, ε3 sufficiently small so that
∑ ‖b′‖∞ ε2 + 2ε1 + ε3 < ε√
|X|
, we get
∑
i∈I
‖qi(x− EQ′∩M (x))qi‖2ϕ =
∥∥∥∥∥∑
i∈I
qi(x− EQ′∩M (x))qi
∥∥∥∥∥
2
ϕ
= ‖EA′
3
∩M (x)− EQ′∩M (x)‖2ϕ
<
∑
i∈I
ε2
|X| ‖qi‖
2
ϕ
and hence ∑
i∈I
(∑
x∈X
‖qi(x− EQ′∩M (x))qi‖2ϕ
)
<
∑
i∈I
ε2‖qi‖2ϕ.
Thus, there exists i ∈ I such that ∑x∈X ‖qi(x− EQ′∩M (x))qi‖2ϕ < ε2‖qi‖2ϕ. 
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3. Popa’s incremental patching method in arbitrary von Neumann algebras
Notation 3.1. Let B be any von Neumann algebra, v ∈ B any partial isometry satisfying
v∗v = vv∗ and X ⊂ B any subset. For k ≥ 1, put
Xkv =
{
x0
k∏
i=1
vixi : vi = v or vi = v
∗, x0, xk ∈ X ∪ {1} and x1, . . . , xk−1 ∈ X
}
.
For all a > 0, put C(a) = C(a, i/2) = C(a,−i/2) > 1 where (0,+∞)×C→ (0,+∞) : (a, z) 7→
C(a, z) := 2 exp(2a|ℑ(z)|) + exp(a|ℑ(z)|) is the function that appeared in Lemma 2.1. In the
rest of this Section, we assume that (M,ϕ) is a non-type I σ-finite factor endowed with a faithful
normal state and Q ⊂ Mϕ is any von Neumann subalgebra satisfying Q′ ∩M = C1. Observe
that Q is necessarily a type II1 subfactor. We also fix a non-principal ultrafilter ω ∈ β(N) \N.
In Lemma 3.2, we start by proving the existence of nonzero partial isometries in Q with good
approximate independence properties in M with respect to the state ϕ for words of bounded
length and with letters in bounded spectral subspaces of (σϕt ). This is an analogue of [Po95b,
Lemma 1.2].
Lemma 3.2. Let ε > 0, a > 0, n ≥ 1, X ⊂ M(σϕ, [−a, a]) and Y ⊂ M be any finite subsets
such that X = X∗ and Y = Y ∗. Let f ∈ Q be any nonzero projection and assume that
ϕ(fXf) = 0.
Then there exists a partial isometry v ∈ fQf satisfying v∗v = vv∗, ϕ(v∗v) > ϕ(f)
12C(a)2+1
and
max{|ϕ(fxf)|, |ϕ(x)|} ≤ ε,∀x ∈
n⋃
k=1
Xkv and |ϕ(yvz)| ≤ ε,∀y, z ∈ Y.
Proof. The proof follows very closely the one of [Po95b, Lemma 1.2]. We will nevertheless
give a detailed proof for the reader’s convenience. We may assume that X ⊂ Ball(M). We
fix ε0 > 0 and define inductively εk for all 1 ≤ k ≤ n by the formula εk = 2kC(a)εk−1. We
moreover choose ε0 > 0 sufficiently small so that εn < ε.
We next define W as the set of all partial isometries v in fQf such that
• v∗v = vv∗,
• max{|ϕ(fxf)|, |ϕ(x)|} ≤ εkϕ(v∗v) for all 1 ≤ k ≤ n and all x ∈ Xkv and
• |ϕ(yvz)| ≤ εϕ(v∗v) for all y, z ∈ Y .
Note that W is not empty since 0 ∈ W. We define a partial order on W by w1 ≤ w2 ⇔
w1 = w2w
∗
1w1. Then (W,≤) is an inductive set. By Zorn’s lemma, take a maximal element
v ∈ W and put p = f − v∗v. We will show that ϕ(v∗v) > ϕ(f)/(12C(a)2 + 1).
Suppose by contradiction that ϕ(v∗v) ≤ ϕ(f)/(12C(a)2 + 1) and note that this implies that
ϕ(v∗v)/ϕ(p) ≤ 1/(12C(a)2). Our goal is to find a non-zero partial isometry w ∈ pQp such
that v+w ∈ W. This in turn will contradict the maximality of v ∈ W. To do so, we first fix a
nonzero zero projection q ∈ pQp and take any unitary w ∈ qQq. Put u = v +w.
Let 1 ≤ k ≤ n. Take x = x0
∏k
i=1 uixi ∈ Xku and decompose it using ui = vi + wi as follows:
x = x0
k∏
i=1
vixi +
k∑
ℓ=1
∑
i∈Iℓ
zi0
ℓ∏
j=1
wijz
i
j ,
where Iℓ = {(i1, . . . , iℓ) : 1 ≤ i1 < · · · < iℓ ≤ k}, wij = wij , zi0 = x0v1x1 · · · xi1−1, zij =
xijvij+1xij+1 · · · vij+1xij+1−1 for 1 ≤ j < ℓ and ziℓ = xiℓviℓ+1 · · · vkxk. By applying ϕ and using
8 CYRIL HOUDAYER AND YUSUKE ISONO
the triangle inequality, we obtain
|ϕ(x)| ≤
∣∣∣∣∣ϕ
(
x0
k∏
i=1
vixi
)∣∣∣∣∣+
k∑
ℓ=1
∑
i∈Iℓ
∣∣∣∣∣∣ϕ
zi0 ℓ∏
j=1
wijz
i
j
∣∣∣∣∣∣
|ϕ(fxf)| ≤
∣∣∣∣∣ϕ
(
f x0
k∏
i=1
vixi f
)∣∣∣∣∣+
k∑
ℓ=1
∑
i∈Iℓ
∣∣∣∣∣∣ϕ
f zi0 ℓ∏
j=1
wijz
i
j f
∣∣∣∣∣∣ .
The first terms on the right hand side are less than or equal to εkϕ(v
∗v) since v ∈ W. So our
task is to find an appropriate projection q ∈ pQp and then an appropriate w ∈ U(qQq) such
that the second terms on the right hand side are less than or equal to εkϕ(w
∗w). From that,
we will obtain that max{|ϕ(fxf)|, |ϕ(x)|} ≤ εkϕ(v∗v) + εkϕ(w∗w) = εkϕ(u∗u).
Claim. There is a nonzero projection q ∈ pQp such that
k∑
ℓ=2
∑
i∈Iℓ
max

∣∣∣∣∣∣ϕ
f zi0 ℓ∏
j=1
wijz
i
j f
∣∣∣∣∣∣ ,
∣∣∣∣∣∣ϕ
zi0 ℓ∏
j=1
wijz
i
j
∣∣∣∣∣∣
 < εk2 ϕ(q)
for all 2 ≤ k ≤ n, all wij ∈ {w,w∗} for any unitary w ∈ U(qQq) and all zij that are constructed
from any xj ∈ X and vj as above.
Proof of the Claim. This is the main part of the proof of Lemma 3.2. We will make use of Popa’s
local quantization principle (see Proposition 2.6). Recall that ‖yb‖ϕ ≤ ‖σϕ−i/2(b∗)‖∞‖y‖ϕ for
all y ∈M and all analytic b ∈M (see [Ta03, Lemma VIII 3.10 (i)]). Moreover, Proposition 2.1
implies that ‖σϕ−i/2(b∗)‖∞ ≤ C(a)‖b‖∞ for all b ∈M(σϕ, [−a, a]).
For all ℓ ≥ 2 and all i = (i1, . . . , iℓ) ∈ Iℓ, we have
‖(fzi0q)∗‖ϕ ≤ ‖(zi0q)∗‖ϕ = ‖qx∗i1−1 · · · x∗1v∗1x∗0‖ϕ
≤ ‖σϕ−i/2(x0)‖∞‖v1‖∞ · · · ‖σϕ−i/2(xi1−1)‖∞‖q‖ϕ
≤ C(a)i1‖q‖ϕ
and∥∥∥∥∥∥
ℓ∏
j=1
wijz
i
j f
∥∥∥∥∥∥
ϕ
≤
∥∥∥∥∥∥
ℓ∏
j=1
wijz
i
j
∥∥∥∥∥∥
ϕ
= ‖wi1 qzi1q wi2zi2 · · ·wiℓziℓ‖ϕ
≤ ‖σϕ−i/2(zi∗ℓ )‖∞‖wi∗ℓ ‖∞ · · · ‖σϕ−i/2(zi∗2 )‖∞‖wi∗2 ‖∞‖wi1‖∞‖qzi1q‖ϕ
≤ C(a)k−i2+1‖qzi1q‖ϕ.
Then by the Cauchy-Schwarz inequality, we obtain
max

∣∣∣∣∣∣ϕ
f zi0 ℓ∏
j=1
wijz
i
j f
∣∣∣∣∣∣ ,
∣∣∣∣∣∣ϕ
zi0 ℓ∏
j=1
wijz
i
j
∣∣∣∣∣∣
 ≤ ‖(zi0q)∗‖ϕ
∥∥∥∥∥∥
ℓ∏
j=1
wijz
i
j
∥∥∥∥∥∥
ϕ
≤ C(a)k+i1−i2+1‖q‖ϕ‖qzi1q‖ϕ.
We now apply Proposition 2.6 to the inclusion pQp ⊂ pMp, for some α > 0 and for all possible
pzi1p and we obtain a nonzero projection q ∈ pQp satisfying
‖qzi1q − ϕp(pzi1p)q‖ϕ < α‖q‖ϕ for all possible pzi1p
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where ϕp =
ϕ(p·p)
ϕ(p) . By choosing α > 0 sufficiently small, we have
max

∣∣∣∣∣∣ϕ
f zi0 ℓ∏
j=1
wijz
i
j f
∣∣∣∣∣∣ ,
∣∣∣∣∣∣ϕ
zi0 ℓ∏
j=1
wijz
i
j
∣∣∣∣∣∣
 < 12k εk6 ‖q‖2ϕ +C(a)k+i1−i2+1‖q‖2ϕ|ϕp(pzi1p)|.
Next, putm = i2−i1−1. Using the facts that p, v ∈Mϕ, zi1 ∈ X whenm = 0 and ϕ(fXf) = 0,
zi1 ∈ Xmv when m ≥ 1 and vzi1v∗ ∈ Xm+2v , we have
|ϕ(pzi1p)| = |ϕ(pzi1)|
= |ϕ((f − v∗v)zi1)|
≤ |ϕ(fzi1f)|+ |ϕ(v∗vzi1)|
= |ϕ(fzi1f)|+ |ϕ(vzi1v∗)|
≤ εmϕ(v∗v) + εm+2ϕ(v∗v) < 2εm+2ϕ(v∗v)
≤ εm+2
6
1
C(a)2
ϕ(p)
and hence |ϕp(pzi1p)| ≤ εm+26 1C(a)2 . Since εm+2 ≤ C(a)−k+m+22−kεk when m+2 < k and since
m+ 2 = k happens only when ℓ = 2 and (i1, i2) = (1, k), we have
k∑
ℓ=2
∑
i∈Iℓ
max

∣∣∣∣∣∣ϕ
f zi0 ℓ∏
j=1
wijz
i
j f
∣∣∣∣∣∣ ,
∣∣∣∣∣∣ϕ
zi0 ℓ∏
j=1
wijz
i
j
∣∣∣∣∣∣

<
k∑
ℓ=2
∑
i∈Iℓ
1
2k
εk
6
‖q‖2ϕ +
k∑
ℓ=2
∑
i∈Iℓ
εm+2
6
C(a)k+i1−i2−1‖q‖2ϕ
<
εk
6
‖q‖2ϕ +
 k∑
ℓ=2
∑
i∈Iℓ,(i1,i2)6=(1,k)
1
2k
εk
6
‖q‖2ϕ
+ εk
6
‖q‖2ϕ
<
εk
2
‖q‖2ϕ.
Note that we used the fact that
∑k
ℓ=2
∑
i∈Iℓ
1 =
∑k
ℓ=2
(
k
ℓ
)
= 2k − k − 1 < 2k. Thus, we have
obtained the desired projection q ∈ pQp. This finishes the proof of the Claim. 
We fix now a projection q ∈ pQp as in the Claim and we next find a unitary w ∈ U(qQq) that
satisfies
max
∑
i∈I1
|ϕ(f zi0wi1zi1 f)|,
∑
i∈I1
|ϕ(zi0wi1zi1)|
 ≤ εk2 ‖q‖2ϕ and |ϕ(ywz)| ≤ ε‖q‖2ϕ
for all possible zi0, z
i
1 and all y, z ∈ Y . Since qQq is diffuse and since Y ∪ {zi0, zi1 : i ∈ I1} is
finite, we can find a unitary w ∈ U(qQq) such that |ϕ(fzi0wzi1f)|, |ϕ(zi0wzi1)| and |ϕ(ywz)| are
small enough so that we have the desired inequality.
As we mentioned before the Claim, we obtain that max{|ϕ(fxf)|, |ϕ(x)|} ≤ εkϕ(u∗u) for all
1 ≤ k ≤ n and all x ∈ Xku and |ϕ(yuz)| ≤ εϕ(u∗u) for all y, z ∈ Y . Thus u ∈ W. Since v ≤ u
and v 6= u, this contradicts the maximality of v ∈ W and finishes the proof of Lemma 3.2. 
From now on, we will be working in the ultraproduct framework Mω. In Lemma 3.3, we
construct nonzero partial isometries in Qω with good independence properties in Mω with
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respect to the ultraproduct state ϕω for words with letters in bounded spectral subspaces of
(σϕ
ω
t ). This is an analogue of [Po95b, Lemma 1.3].
Lemma 3.3. Let a > 0, X ⊂ Mω(σϕω , [−a, a]) and Y ⊂ Mω be any countable subsets such
that X = X∗ and Y = Y ∗. Let f ∈ Qω be any nonzero projection such that ϕω(fXf) = 0.
Then there exists a partial isometry v ∈ fQωf satisfying v∗v = vv∗, ϕω(v∗v) ≥ ϕω(f)
12C(4a)2+1
and
ϕω(x) = 0,∀k ≥ 1,∀x ∈ Xkv and ϕω(yvz) = 0,∀y, z ∈ Y.
Proof. Write X = {xℓ : ℓ ∈ N}, Y = {yℓ : ℓ ∈ N}, xℓ = (xℓn)ω and yℓ = (yℓn)ω for some
(xℓn)n, (y
ℓ
n)n ∈ Mω(M). We also write f = (fn)ω for some nonzero projections fn ∈ Q. By
Proposition 2.3, we may assume that xℓn ∈ M(σϕ, [−4a, 4a]) for every n ∈ N. We also have
fnx
ℓ
nfn ∈ M(σϕ, [−4a, 4a]) for every n ∈ N. Also, since ϕω(fXf) = 0, up to replacing xℓn by
xℓn − ϕ(fnx
ℓ
nfn)
ϕ(fn)
1 ∈M(σϕ, [−4a, 4a]), we may assume that ϕ(fnxℓnfn) = 0 for all ℓ, n ∈N.
We can then apply Lemma 3.2 to εn =
1
n > 0, fn ∈ Q, Xn = {xℓn : ℓ ≤ n} and Yn = {yℓn : ℓ ≤ n}
to find a partial isometry vn ∈ fnQfn such that v∗nvn = vnv∗n, ϕ(v∗nvn) > ϕ(fn)12C(4a)2+1 , |ϕ(x)| ≤ 1n
for all x ∈ ⋃nk=1(Xn)kvn and |ϕ(yvnz)| ≤ 1n for all y, z ∈ Yn.
Then v = (vn)
ω ∈ Qω is a partial isometry satisfying v∗v = vv∗, ϕω(v∗v) = limn→ω ϕ(v∗nvn) ≥
limn→ω
ϕ(fn)
12C(4a)2+1
= ϕ
ω(f)
12C(4a)2+1
and ϕω(yvz) = 0 for all y, z ∈ Y . As usual, put (vn)i = vn or
v∗n. Moreover, for all k ≥ 1 and all x = x0
∏k
i=1 vixi ∈ Xkv with xi = xℓi for some ℓi ∈ N, using
the fact that |ϕ(xℓ0n
∏k
i=1(vn)ix
ℓi
n )| ≤ 1n whenever n ≥ max{k, ℓi : i ≤ k}, we have
|ϕω(x)| = lim
n→ω
∣∣∣∣∣ϕ
(
xℓ0n
k∏
i=1
(vn)ix
ℓi
n
)∣∣∣∣∣ ≤ limn→ω 1n = 0.
This finishes the proof of Lemma 3.3. 
Using a maximality argument, we construct in Lemma 3.4 unitaries in U(Qω) with good in-
dependence properties in Mω with respect to the ultraproduct state ϕω for words of bounded
length and with letters in bounded spectral subspaces of (σϕ
ω
t ). This is an analogue of [Po95b,
Lemma 1.4].
Lemma 3.4. Let a > 0, n ≥ 2, X ⊂ (Mω ⊖ C1) ∩Mω(σϕω , [−a, a]) and Y ⊂ Mω be any
countable subsets such that X = X∗ and Y = Y ∗. Then there exists a unitary v ∈ U(Qω)
satisfying
ϕω(x) = 0,∀x ∈
n⋃
k=1
Xkv and ϕ
ω(yvz) = 0,∀y, z ∈ Y.
Proof. Define W as the set of all partial isometries v in Qω such that
• v∗v = vv∗,
• |ϕω(x)| = 0 for all 1 ≤ k ≤ n and all x ∈ Xkv and
• |ϕω(yvz)| = 0 for all y, z ∈ Y .
Note that W is not empty since 0 ∈ W. We define a partial order on W by w1 ≤ w2 ⇔
w1 = w2w
∗
1w1. Then (W,≤) is an inductive set. By Zorn’s lemma, take a maximal element
v ∈ W. We show that v is a unitary element that satisfies the conclusion of Lemma 3.4.
Suppose by contradiction that v is not a unitary and put p = 1− v∗v 6= 0. Since v ∈ W, n ≥ 2
and ϕω(X) = 0, we have ϕω(pXp) = 0 and ϕω(pXkv p) = 0 for all 1 ≤ k ≤ n − 2. Moreover,
we have Xkv ⊂ Mω(σϕ
ω
, [−(n − 1)a, (n − 1)a]) for all k ≤ n − 2. So, we can apply Lemma
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3.3 to (n − 1)a, p ∈ Qω, X ∪⋃n−2k=1 Xkv and Y ∪⋃n−1k=1 Xkv to obtain a nonzero partial isometry
w ∈ pQωp that satisfies the conclusion of Lemma 3.3.
Put u = v + w. Then we have u∗u = uu∗ and ϕω(yuz) = 0 for all y, z ∈ Y . Moreover, for all
1 ≤ k ≤ n and all x = x0
∏k
i=1 uixi ∈ Xku , we have
ϕω(x) = ϕω
(
x0
k∏
i=1
vixi
)
+
k∑
ℓ=1
∑
i∈Iℓ
ϕω
zi0 ℓ∏
j=1
wijz
i
j

where each zij is given as in the proof of Lemma 3.2.
Since v ∈ W, we have ϕω(x0
∏k
i=1 vixi) = 0. Next, when ℓ ≥ 2, each zij belongs to X or Xkv
for some 1 ≤ k ≤ n − 2 and hence ϕω(zi0
∏ℓ
j=1w
i
jz
i
j) = 0 by the choice of the partial isometry
w and the first equality guaranteed by Lemma 3.3. Finally, when ℓ = 1, each zi0 and each z
i
1
belongs to X or Xkv for some 1 ≤ k ≤ n − 1 and hence ϕω(zi0wi1zi1) = 0 by the choice of the
partial isometry w and the second equality guaranteed by Lemma 3.3. Thus ϕω(x) = 0 and
so u ∈ W. Since v ≤ u and v 6= u, this contradicts the maximality of v ∈ W and finishes the
proof of Lemma 3.4. 
Using a diagonal procedure, we finally construct in Lemma 3.5 unitaries in U(Qω) with good
independence properties in Mω with respect to the ultraproduct state ϕω. This is a new step
compared to the strategy developed in [Po95b].
Lemma 3.5. Let X ⊂ (Mω⊖C1)∩ (∪n∈NMω(σϕω , [−n, n])) be any countable subset such that
X = X∗. Then there exists a unitary v ∈ U(Qω) such that
ϕω(x) = 0,∀k ≥ 1,∀x ∈ Xkv .
Proof. The proof is similar to the one of Lemma 3.3. Write X = {xℓ : ℓ ∈ N} and xℓ = (xℓn)ω ∈
Mω for some (xℓn)n ∈ Mω(M). Then for every n ∈ N, the subset {xℓ : ℓ ≤ n} is contained in
Mω(σϕ
ω
, [−an, an]) for some an > 0. So, proceeding exactly as in the proof of Lemma 3.3, we
may assume that the subset Xn = {xℓn : ℓ ≤ n} is contained in (M ⊖C1)∩M(σϕ, [−4an, 4an]).
SinceM ⊂Mω and σϕωt |M = σϕt for all t ∈ R, we may regard each subset Xn as a subset ofMω
and we have Xn ⊂ (Mω ⊖C1)∩Mω(σϕω , [−4an, 4an]) for every n ∈ N. Then for every n ∈ N,
we choose a unitary vn ∈ U(Qω) that satisfies the conclusion of Lemma 3.4 for the subset Xn.
Write vn = (vnm)
ω for some vnm ∈ Ball(Q). Observe that limm→ω ‖1− (vnm)∗vnm‖ϕ = 0 for every
n ∈ N. We will now construct a new unitary element in U(Qω) that satisfies the conclusion of
Lemma 3.5 by choosing carefully “diagonal” elements from vn = (vnm)
ω ∈ U(Qω).
By the choice of vn, for all 1 ≤ k ≤ n and all x = x0
∏k
i=1(v
n)ixi ∈ (Xn)kvn , we have
0 = ϕω(x) = lim
m→ω
ϕ
(
x0
k∏
i=1
(vnm)ixi
)
.
So, for every n > 0, there exists mn ∈ N large enough so that un = vnmn ∈ Ball(Q) satisfies
• |ϕ(x0
∏k
i=1(un)ixi)| < 1n for all 1 ≤ k ≤ n and all x0, xk ∈ {1} ∪ Xn, xi ∈ Xn and
(un)i = un or u
∗
n and
• ‖1− u∗nun‖ϕ < 1n .
Then we have u = (un)
ω ∈ U(Qω) by the second item and the fact that un ∈ Q ⊂ Mϕ.
Moreover, by the first item, for all k ≥ 1 and all x = x0
∏k
i=1 uixi ∈ Xku with xi = xℓi for some
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ℓi ∈ N, using the fact that |ϕ(xℓ0n
∏k
i=1(un)ix
ℓi
n )| ≤ 1n whenever n ≥ max{k, ℓi : i ≤ k}, we have
|ϕω(x)| = lim
n→ω
∣∣∣∣∣ϕ
(
xℓ0n
k∏
i=1
(un)ix
ℓi
n
)∣∣∣∣∣ ≤ limn→ω 1n = 0.
This finishes the proof of Lemma 3.5. 
Remark 3.6. We conclude this Section with a few remarks.
(1) In Lemma 3.5, we can actually find v ∈ U(Qω) such that ϕω(yvz) = 0 for all y, z ∈ Y
where Y ⊂Mω is any given countable subset. Also, we can construct v ∈ U(Qω) to be
a Haar unitary by using the subsets Xk,nv as in [Po95b, Lemma 1.2]. However we will
not use this observation in this article.
(2) While Lemmas 3.3 and 3.4 could be proven in the more general framework of ultra-
product von Neumann algebras (Mn, ϕn)
ω with (Mn, ϕn) a non-type I σ-finite factor
endowed with a faithful normal state and Qn ⊂ Mϕnn any von Neumann subalgebra
satisfying Q′n ∩Mn = C1 for every n ∈ N, the proof of Lemma 3.5 does require the
sequence Mn = M to be constant as we need to regard M ⊂ Mω as a von Neumann
subalgebra.
4. Proofs of the main results
Proof of Theorem A. Let i ∈ {1, 2}. Since Pi has separable predual and is globally invariant
under the modular automorphism group (σϕ
ω
t ), using the proof of [AH12, Proposition 4.11], we
may find a countable subset Xi ⊂ Ball(Pi⊖C1)∩ (∪n∈NMω(σϕω , [−n, n])) satisfying X∗i = Xi
and such that Xi is ‖·‖ϕω -dense in Ball(Pi⊖C1). Applying Lemma 3.5 to the countable subset
X = X1 ∪X2, there exists a unitary v ∈ U(Qω) such that
ϕω(x0 vy1v
∗ · · · xk−1 vykv∗ xk) = 0
for all k ≥ 1, all x0, xk ∈ X1 ∪ {1}, all x1, . . . , xk−1 ∈ X1 and all y1, . . . , yk ∈ X2. By ‖ · ‖ϕω -
density of Xi in Ball(Pi ⊖C1) for all i ∈ {1, 2}, we obtain that P1 and vP2v∗ are ∗-free inside
Mω with respect to the state ϕω. This finishes the proof of Theorem A.
Proof of Corollary B. Let i ∈ {1, 2}. There exists a normal ∗-embedding πi : Mi → Mω
together with a faithful normal conditional expectation Ei :M
ω → πi(Mi). Put ψi = ϕi ◦π−1i ◦
Ei. Let θ ∈ M∗ be a faithful normal state such that (Mθ)′ ∩M = C1. Since M is a type III1
factor, Mω has strictly homogeneous state space by [AH12, Theorem 4.20] and hence there
exists ui ∈ U(Mω) such that θω = ψi ◦ Ad(ui). Observe that σθωt = Ad(u∗i ) ◦ σψit ◦ Ad(ui) for
all t ∈ R. Put Pi = u∗i πi(Mi)ui and observe that Pi is globally invariant under the modular
automorphism group (σθ
ω
t ).
By Theorem A, there exists a unitary v ∈ U((Mθ)ω) such that P1 and vP2v∗ are ∗-free inside
Mω with respect to the ultraproduct state θω. Observe that since Pi is globally invariant
under the modular automorphism group (σθ
ω
t ) for all i ∈ {1, 2} and since v ∈ U((Mω)θ
ω
), we
have that P = P1 ∨ vP2v∗ is globally invariant under the modular automorphism group (σθωt )
and hence by [Ta03, Theorem IX.4.2], there exists a faithful normal conditional expectation
E : Mω → P . Moreover, by uniqueness of the free product von Neumann algebra and since
v ∈ U((Mω)θω), we have the following state-preserving ∗-isomorphisms
(P, θω|P ) ∼= (P1, θω|P1) ∗ (vP2v∗, θω|vP2v∗) ∼= (M1, ϕ1) ∗ (M2, ϕ2).
Therefore, the free product von Neumann algebra (M1, ϕ1)∗ (M2, ϕ2) embeds with expectation
into Mω. This finishes the proof of Corollary B.
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Proof of Theorem C. We follow the same strategy as in the proof of [Po95b, Corollary 2.4].
Since any element in Mω can be approximated in the uniform norm ‖ · ‖∞ by finite linear
combinations of projections in Mω, we only have to prove Theorem C when x =
∑k
j=1 αjfj,
where αj ∈ C and fj ∈Mω is a projection for all 1 ≤ j ≤ k. Let B ⊂Mω be the von Neumann
subalgebra generated by the set {σϕωt (fj) : 1 ≤ j ≤ k, t ∈ R}. Observe that B has separable
predual and is globally invariant under the modular automorphism group (σϕ
ω
t ).
Claim. There exists a diffuse von Neumann subalgebra A ⊂ Qω with separable predual such
that
‖p(f − ϕω(f)1)p‖∞ = 1
n
− 2ϕ
ω(f)
n
+
√
4ϕω(f)(1− ϕω(f)) 1
n
(1− 1
n
)
for all nonzero projections p ∈ A satisfying ϕω(p) = 1/n and and all nonzero projections f ∈ B
satisfying ϕω(f) ≤ 1− 1/n.
Proof of the Claim. Let A ⊂ Qω be any diffuse von Neumann subalgebra with separable pre-
dual. By Theorem A, up to conjugating A by a unitary element v ∈ U(Qω), we may assume
that A and B are ∗-free inside Mω with respect to the ultraproduct state ϕω. Let p ∈ A and
f ∈ B as in the statement. Then the von Neumann subalgebra N ⊂ Mω generated by p and
f is ∗-isomorphic in a state-preserving way to the free product von Neumann algebra
(N,ϕω |N ) ∼= (Cp⊕Cp⊥, ϕω|Cp⊕Cp⊥) ∗ (Cf ⊕Cf⊥, ϕω |Cf⊕Cf⊥).
The computation in [Vo86, Example 2.8] gives the desired formula for the operator norm of
p(f − ϕω(f)1)p ∈ N . 
From now on, we fix such a diffuse von Neumann subalgebra A ⊂ Qω as in the Claim. Let
n ≥ 1 and {pi}ni=1 be any partition of unity with projections in A having the same trace in Qω.
Define the unitary element u =
∑n
i=1 λ
ipi ∈ U(A) where λ = exp(2πi/n). One can easily check
that
∑n
i=1 piypi =
1
n
∑n
ℓ=1 u
ℓyu−ℓ for all y ∈Mω. Recall that x =∑kj=1 αjfj. Then we have∥∥∥∥∥ϕω(x)1 − 1n
n∑
ℓ=1
uℓxu−ℓ
∥∥∥∥∥
∞
=
∥∥∥∥∥∥
k∑
j=1
αjϕ
ω(fj)1−
n∑
i=1
pi
 k∑
j=1
αjfj
 pi
∥∥∥∥∥∥
∞
≤
k∑
j=1
|αj |
∥∥∥∥∥ϕω(fj)1−
n∑
i=1
pifjpi
∥∥∥∥∥
∞
=
k∑
j=1
|αj |
∥∥∥∥∥
n∑
i=1
pi(ϕ
ω(fj)1− fj)pi
∥∥∥∥∥
∞
=
k∑
j=1
|αj |max {‖pi(ϕω(fj)1− fj)pi‖∞ : 1 ≤ i ≤ k} .
When n→∞, we have ϕω(fj) ≤ 1− 1/n for all 1 ≤ j ≤ k and hence the Claim implies that
lim
n→∞
∥∥∥∥∥ϕω(x)1− 1n
n∑
ℓ=1
uℓxu−ℓ
∥∥∥∥∥
∞
= 0.
This shows that ϕω(x)1 ∈ co‖·‖∞{uxu∗ : u ∈ U(Qω)}. Since Qω ⊂ (Mω)ϕω , if we apply ϕω to
any element in co‖·‖∞{uxu∗ : u ∈ U(Qω)} ∩C1, we finally obtain
co‖·‖∞{uxu∗ : u ∈ U(Qω)} ∩C1 = {ϕω(x)1}.
This finishes the proof of Theorem C.
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